Improper Integral Math 102

Improper Integrals

b
Definition 1: The definite integral f f (x)dx is called an improper integral if
1) Atleast one of the limits of integration is infinite, or
2) The integrand f(x) has one or more points of discontinuity on the interval [a, b].
Type I Improper Integral

a) If f l f (x)dx exists for every number ¢ > a, then

[7F Gy znmf’f (x)dx,
provided this limit exists (as a finite number).

b
b) If f f (x)dx exists for every number ¢ <b , then
t

f;f (x )dx :tggicfthf (x )dx
provided this limit exists (as a finite number).
The improper integrals j; - f (x)dx and j: boo f (x)dx are called convergent if the corresponding limit exists
and divergent if the limit does not exist.

00 b
c) If f f (x)dx and f f (x)dx are convergent, then we defined

f_if (x )dx :j:aoof(x)dx +me(x)dx

In part c) any number a can be used.

Example 1: Determine whether each integral is convergent or divergent

o —X
f xe “dx .
0

[e'e] t
f xe “dx =lim | xe “dx
0

t—ood

Solution:

=lim—xe™ —e ™"

t—00

to =lim[—te " —e " +0+e’]

t—00

—lim[ e — 1]
e

t—00

Note: lim(—te™) — - (Indeterminate Form, use L'Hopital's Rule).
00

t—00

lim(—te ) = lim(—) = lim(—) = 0..
1 —00 e t—00 e

t—00

Thus,
fooxe_’“dx = lim[—te ' —it—H]
0 e

t—00

—lim[—te ™ —— 1= (0—0+1)=1.
e

t—00
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oo
Hence, f xe “dx converge to 1.
0

Example 2: Evaluate

1
2
f e dx .
—00

1 . 1 . e
f e dx = lim | e*dx = lim
— 00

Solution:
2x

t——oodt t——oc0 7 )
2 2t 2 2t 2 2
e e e e e e
= lim (—— =—— lim =——0=—.
f—*—x( 2 2 ) 2 f—>—00( 2 ) 2 2

1 62
2)
Hence, f e xdx converge to ?.
—00

Example 3: Determine whether each integral is convergent or divergent
[ @x?—x +3)ax.
Solution:

00 0 00
f (2x2—x+3)dx:f (2x2—x+3)dx+j; (2x % —x +3)dx

0 b
= lim ["(x*—x +3)dx +lim [ (26> —x +3)dx
a —o0dJ 0

2x?  x? ’ 2x? x? ’
= lim ——+3x| +1lm ——+3x| =00
a——o0 2 b—o0 2 0

Thus, foo (2x* —x +3)dx diverges.

Type II Improper Integral

1) If fis continuous on the interval [a,b) and has an infinite discontinuity at b, then
b c
f f(x)dx = 1imf £ (x)dx
a c—b Ja
2) If fis continuous on the interval (a,b] and has an infinite discontinuity at a, then

Lbf(x)dx:(lirgj;bf(x)dx

3) If fis continuous on the interval [a,b] except for some c in (a, b) at which f has an infinite
discontinuity, then

[ e = [(f @ax+ [f )dn

In each case, if the limit exists, then the improper integral is said to converge; otherwise, the improper
integral diverges. In the third case, the improper integral on the left diverges if either of the improper
integrals on the right diverges.

Example 4: Determine whether the integral is convergent or divergent
1 /1
f X dx .
0V1l—x
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Solution: The function is undefined at x = 1. Since x = 1 is an asymptote, the function has no maximum.
We could define this integral as:

f /l-l—x dr — lim H—x dr — f /l—i-x «ll—l—x f 1+x
1—x b—1" 1—x 1—|—x 71— _x
= | ——dx + | ——dx
f\/l—xz f\/l—x2

Let u =1—x7, then du = —2x dx.Then

1 .
f ‘/ i dx =sin~ x——f 2du—sm x—uz—hm sin"'x —v1—x?
b—1"

= lim (sin"'b —1-b%)—(sin'0—vD)= Z+1.

b—1" 2

1
Thus, f ‘/1+x dx converge to%+1.
0 —X

Example 5: Determine whether the integral is convergent or divergent

l2 2
f sec” (x)dx .
/4

b

0

Solution:
/2 b
f y sec’(x)dx = lim sec”(x )dx

b—(m/2) J 74

= lim tan(x)| = hm [tan(b)—l]—
b—(/2)” —(7/2)”

l2 2 X
Thus, f y sec” (x )dx diverges.

Example 6: Determine whether the integral is convergent or divergent

4 1
[ —
0 x"+x—6

Solution:
4 4
[ S N - [ I SN
0 x> 4x—6 0 (x —2)(x +3)
- limfs;dx +1imft;dx
=2 Jo (x —2)(x +3) -2 Jo (x —2)(x +3)
ow, ! = A + B . Then 1=A(x +3)+B(x —-2),s0 A =1/5, B =-1/5.
x-2)(x+3) x-2 x+3
4 1 . s 1/5 1/5 1/5
f ——dx = hmf [ 1 dx f [ 1 dx
0x“+x—6 s—2Jo (x —2) (x +3) HZ* (x —2) (x +3)
= 11m(—1n|x —2|——ln|x )+ 11m(—1n|x —2|——ln|x
5s—2
Now, lim 1n|x—2|——ln|x +3|] = lim ln|x—2|——1n|s —|—3|——1n(2)+ In(3)| =
§s—2" §s—2"

4 1 )
Thus, j; —6dx diverges.

2

X +x —
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A Comparison Test for Improper integrals
We use the Comparison Theorem at times when its impossible to find the exact value of an improper integral.

Theorem I: Suppose that f and g are continuous functions with f (x)>g(x)>0 for x >a.

1) If f ” f (x)dx is convergent, then f ” f (x)dx is convergent,

2) If f - f (x)dx 1s divergent, then f - f (x)dx 1s divergent

Note: f x% is converge if p >1 and diverge if p <1.
X

Example 7:. Use the Comparison Theorem to determine whether the integral is convergent or divergent.
f pRLRRLE Jx dx
1 Jx
NERCIS
NN
fxidx —fodx Sp=t<l
1 B X2 P = ) :

NS
oyl
U

Solution: Observe that on [1,). Now

Then f xidx is diverges (from above note). Thus,
1

Jx

Theorem.

dx is divergent by Comparison

Example 8: Use the Comparison Theorem to determine whether the integral is convergent or divergent.

—X

foli/;dx

¢ SL for O0<x £1.Now

Jr

1 1
f o= limf—dx — lim 2x 2
0 a

1
\/X_ a—0" \/X_ a—0"

dx 1s convergent by Comparison Theorem.

X

Solution: Observe that ¢ ™ <1 =

1:11111[2—2\/2]:2.

a a—0"

—X
X

Thus, foli/_
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Problems:

1- 18. In the following problems determine whether or not each of the improper integrals is convergent, and
compute its value if it is.

Answer
1. fz Oox—lzdx %
2. f; Te ™ dx 1
3. fo mﬁdx Diverge
4. L/;oo X _li_zdx Diverge
5. [ :x—lzdx %

6 fo ! dx Diverge
' —oAl—-x .

0 1
d
7 f2 (x Inx) *
4 X
8- ‘/; \/16—x2d)C
a  dx
-
10. j;lezdx
2 dx
1. fOxz_4
0 dx
12. f—2x+2
13. Ll;mzsecxdx

U dx

_1x2

3 dx

5. [ e
o~ dx

6. | e

17. fooe’xsinxdx
0

8. [ o
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