Trigonometric Integrals Math 102
Trigonometric Integrals

In this section, we introduce techniques for evaluating integrals of the form
fsin’" x cos” x dx ftan’” x sec” x dx fcot’" x csc” x dx

where either m or n is a nonnegative integer.
I. Integrating Powers of the Sine and Cosine Functions

A. Useful trigonometric identities

I. sin®x+cos’x=1 2.  sin2x =2sin xcosx
. 1—cos2x 14+ cos2x
3. smzx:T 4, coszx:T

5. sinxcosy= %[sin(x —y)+sin(x+y)] 6. sinxsiny= %[cos(x —y)—cos(x+y)]

1
7. cos2x =2cos’x —1=1-2sin’x 8. cosxcosy= E[COS()C— y)+cos(x+ y)]

B. Reduction formulas

. 1 . -1 I’l _1 . -2
1. sin"x dx = ——sin"" x cosx + fsm" x dx
n n

1 -1 . n _1 -2
2. cos"x dx =—cos"  xsinx + fcos” x dx
n n

Example 1: Find f sin’x dx .
Solution: Method 1(Integration by parts):
[sin*xdx = [sinx (sinx dx).

Let
u=sin x dv =sinx dx
du =cosxdx |, :fsinx xd =—cosx
Thus,
fsinzxdx :(sinx)(—cosx)—i—fcoszxdx = —sinx cosx —|—f(1—sin2x) dx
= —sinx CoSx —i—fl dx —fsinzx dx
= —sinx cosx +x —fsinzxdx
Therefore,

fsinzxdx +fsin2xdx :2fsin2xdx = —sinx cosx +x +C
) 1 . 1
<:>fsm2xdx =—— sinxcosx +— x +C.
2 2

Method 2 (Trig. identity): fsin2 xdx = %f(l —cos2x )dx = %x —%sin 2x +C.
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Method 3 (Reduction formula): fsinzx dx = —%sinx cosx + %fldx = —%sinx cosx + %x +C.

Example 2: Find f cos’x dx .

Solution: Use the reduction formula:

1 ) 2
fcosSx dx ==cos” x sinx +—fcosx dx
3
. 2 .
Ccos” x sinx +§ sinx +C

sinx(l—sinzx)—l—%sinx +C =sinx —% sin’ x +C.

11 Integrating Products of the Sines and Cosines

1. If the power of the sine is odd and positive, save one sine factor and convert the remaining factors to
cosine. Then, expand and integrate.

convert to cosine
odd — | save fordu

2k +1 2 YK
fsm 1 x cos" x dx :f(sm x) cos” x sinx dx
2 k n .
= <1—c0s x) cos” x sinx dx

2. If the power of the cosine is odd and positive, save one cosine factor and convert the remaining
factors to sine. Then, expand and integrate.

convert tosine
odd ——r—  savefordu

. 2k +1 . 2 K
fsm’"x cos™ " x dx :fsmmx (cos x) cosx dx
. m . 2 k .
= [ sin x(l—sm x) sin x dx

3. If the powers of both the sine and cosine are even and nonnegative, make repeated use of the
identities (1) and (2) to convert the integrand to odd powers of the cosine. Then, proceed as in case 2.
It is sometimes helpful to use the identity

) 1.
sinx cosx =—sin2x

Example 3: Find f sin’x cos” x dx

Solution:
3 2 - 2 . 2 2 2 .
fsmxcos X dx :fsm X sinx cos” x dx :f(l—cos x)cos“ x sinx dx =

= f(cos2 x —cos’x )(sinx dx )
Let u =cosx = du =—sinxdx. Thus,

-3 2 _ 2 4 __1 s, 1os
fsmxcos xdx = f(u u')du = 5” +gu +C

_ 1 cos® x +l cos’x +C.
3 5
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Example 4: Find f sin’x cos” x dx.

Solution:
[sin’x cos® x d :f(l—c;)st)(l+C(2)32x)dx :if(l—coszbc)dx
1 1 1 1 1+ cos4dx
=—[dx —— | cos’2xdx =—x —— | (———)d
4f X 4f X dx 4x 4[( 5 )dx
:lx —lx —lfcos4x dx :lx —Lsin4x +C.
4 8 8 8 32

Example 5: Find f sin4x cos3x dx .
Solution: Method 1 (Trig. identity):

1 1 1
fsin4x cos3x dx :—f(sinx —i—sin7x) dx =——cosx ——cos7x +C.
2 2 14
Method 2 (Integration by parts): Let

u=sindx dv =cos3x dx

du =4cosdxdx | v :%sin3x

Thus,
. . 1. 4 . 1. ) 4 .
fsm 4x cos3x dx = (sin4x )(—sin3x) ——fcos 4x sin3x dx = —sin4x sin3x ——fcos 4x sin3x dx .
3 3 3 3

Find f cos4x sin3x dx

u=cosédx dv =sin3x dx

du =—4sindx dx | v= —%cos 3x

Thus,
. 1 4 r .
fc0s4x sin3x dx = —gcos4x cos3x —gfsm4x cos3x dx .

Returning to the original integral,

fsin4x cos3x dx :lsin4x sin3x —i —lcos4x cos3x —ifsin4x cos3x dx
3 31 3 3

1 4 1
= —sin4x sin3x + —cos4x cos3x + —6fsin 4x cos3x dx
3 9 9
Then
fsin 4x cos3x dx —%fsin 4x cos3x dx :%sin 4x sin3x + gcos 4x cos3x

— Zf sin4x cos3x dx :lsin 4x sin3x + icos 4x cos3x
9 3 9
Thus

4
fsin4x cos3x dx = —%sin4x sin 3x —7cos4x cos3x +C.
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III Integrating Powers of the Tangent and Secant Functions

A. Useful trigonometric identity: tan’ x+1=sec’ x
B. Useful integrals

1. f secx tanx dx =secx +C 2. fseczx dx =tanx +C
3. ftanxdx :ln|secx|+C 4. fsecx dx =In|secx +tanx |+C

C. Reduction formulas
n—2
t -2
1. fsec"x dx = sec  Xrlanx + n fsec"”x dx
n—1 n—1

ann—l

n _t 'x_ n—2
2. ftan xdx——n_1 ftan x dx

Example 6: Find f tan” x dx .

Solution:
ftan2xdx :f(seczx —1)dx :fsec2xdx —fldx =tanx —x +C.

Example 7: Find f tan’x dx .

Solution:
2
1
ftanSx dx = tan_ x —ftanx dx =—tan’x —1n|secx |+C.
2 2
Example 8: Find f sec’x dx .
Solution:

t 1 1 1
fsec3x dx :M—l——fsecx dx =—secx tanx +—In|secx +tanx|+C.
2 2 2 2

IV Integrating Products of the Tangents and Secants

1. If the power of the tangent is odd and positive, save a secant-tangent factor and convert the remaining
factors to secants. Then, expand and integrate.

convert to secants
odd ——— save for du

2k +1 2 K 1
ftan ' x sec” xdx :f (tan x) sec”"” x secx tanxdx

k
2 —1
= f(sec X —1) sec”” x secx tanxdx

2. If the power of the secant is even and positive, save a secant squared factor and convert the remaining
factors to tangents. Then, expand and integrate.

even convert to tangents  save fordu
A N

——
ftan’" x sec* xdx = ftan’" x (sec® x ) " sec’ x dx

= f tan” x (1+ tan” x )* ' sec? xdx

3. If there are no secant factors and the power of the tangent is even and positive, convert a tangent
squared factor to secants; then expand and repeat if necessary.
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convert to secant

ftan’" x dx :ftan’"’zx (tan® x ) dx :ftan’"’zx (sec’ x —1)dx
= ftan’”_zx (sec’ x) dx —ftan’”_zx dx

4. If the integral is of the form f sec” x dx , where n is odd and positive, possibly use integration by

parts.
5. If none of the first four cases apply, try converting to sines and cosines.

Example 9: Find f tanx sec’x dx.

Solution: Let u =tanx = du =sec’xdx, then
1 1
ftanx sec’x dx :fudu =—u’+C =—tan’x +C.
2 2

Example 10: Find f tan x sec’x dx.
Solution:
ftanx sec’x dx = ftanx sec’ x sec’x dx = ftanx (1+ tan®x )sec’ x dx
:ftanx sec’x dx +ftan3x sec’dx .

Let u = tan x = du = sec” xdx . Thus,

1 1 1 1
ftanx sec'x dx :fudu +fu3du =—u’+—u'4+C=—tan’x +—tan*x +C.
2 4 2 4

Example 11: Find f tan x sec’x dx .
Solution:
ftanx sec’x dx = fseczx (secx tanx dx) .

Let u =secx = du =secx tanx dx, thus
1 1
ftanx sec’x dx :fuzdu =—u'4+C ==sec’x +C.
3 3

Example 12: Find f tan’x sec’ x dx.
Solution:
ftanzx sec’ x dx :f(seczx —1)sec’ x dx :fsecsx dx —fsec3x dx.
Using the reduction formula,
1 3
fsecsx dx =— sec’tanx +—fsec3x dx.
4 4
Thus,
1 3
2 3 _ 5 . 3 _ L apd 2 3 . 3
ftan x sec’ x dx —fsec x dx fsec x dx 4sec X tanx —|—4fsec x dx fsecxdx
From Example 7

:l sec’ x tan x —lfsec3x dx
4 4

1 3 1 1
:Zsec X tanx —gsecx tan x —gln secx +tanx|+C.
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Example 13: Find f Jtanx sec’ x dx.
Solution:
f\/tanx sec*x dx = fx/tanx sec’ x sec’x dx = f\/tanx (1+ tan” x )sec’ x dx.

Let u =tanx = du =sec’x dx, then

fx/tanx sect x dx :f\/tanx sec’ x dx +f\/tanx tan” x sec’ x dx

1 5 23 o 1
:fuzdu +fu2du:—u2+—u2+C
3 7
3 7

:%(tanx )2 +%(tanx)2 +C.

Example 14: Find f vsecx tanx dx .

. 2 2
Solution: Let u =+/secx = u’ =secx = 2udu =secx tanxdx =u’tanxdx. So tan xdx = ucziu =—du.
u u
Thus,
2
f\/secx tanx dx :fu (Zdu) = 2f1du —2u +C =2secx +C.
u
tan’ x
Example 15: Find dx .
f\/secx
Solution:
tan’ x
dx = | secx "* tan’ xdx
f\/secx f
= fsecx 2 (tan” x ) (secx tanx )dx
= fsecx 2 (sec” x —1)(secx tanx )dx
= f[secx 2 _secx ’3/2](secx tan x )dx
:gsecx”2 +2secx "* +C.
X /4 4
Example 16: Find f tan” x dx.
0
Solution:
wl4 4 wl4 2 2 wl4 2 2
f tan” xdx :f tan” x (tan” x )dx :f tan” x (sec”x —1)dx
0 0 0
!4 /4
= f tan” x sec” xdx — f tan”® xdx
0 0
T4 ) 74 ) tan’ x e T
:f tan” x sec” xdx —f (sec’x —1dx = —tanx +Xx =———.
0 0 4 3

0
IIV  Integrals Involving Cotangent and Cosecant

NOTE: The guidelines for integrals involving cotangent and cosecant would be similar to that of integrals
involving tangent and secant.
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Example 17: Find f csct x cot xdx

Solution:
fcsc4 x cot* xdx = f0502 x cot* x (csc® x )dx
= f(l +cot® x ) (cot* x ) (csc” x )dx
= —f (cot* x +cot® x ) (—csc x )dx
cot’ t’
_ x cot'x LC.
5 7
Problems:
. 1., —1 e
1. Prove the reduction formula: f sin"x dx = ——sin" ' x cosx + " fsm" 2 x dx
n n

. 1 _ ) n—1 _
2. Prove the reduction formula: f cos"x dx =—cos" ' x sinx + f cos" % x dx
n n
n—2
. sec" “xtanx n-—2 _
3. Prove the reduction formula: f sec"x dx = 1 + N f sec” % x dx
n— n—

n—1

. n tan® " x e
4. Prove the reduction formula: f tan"x dx =—— f tan”" % x dx

n—1

/4
5. ftan3 3x dx 6. f cos’(2x )dx

0
7. ftan3x sec’ x dx 8. f\/sinx cos® x dx
9. fcos3 x sin’x dx 10. fsin2 x cos’ x dx
11. ftans X secx dx 12. fcos35¢9d9
13. cos’x ¢sc’ x dx 14. cot? X dx

J Jeor

15. fcotx csc? x dx 16. fsin4x cos”* x dx
17. f sin®x dx 18. f cos5x cos 7x dx — f sin 5x sin 7x dx
19. fcoszx sin x dx 20. fc0s3x sin"% x dx
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